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(c)	The assumptions being those of (b), suppose that in addition k = 2 and I =
[—(3/2, a/2]. Show that for every f e I,
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(use Taylor's formula to express /(a/2) -/(/) and/(~tf/2) -/(r)). Deduce from that
inequality that, if a ^ 2(M0/M2)1/2, then mi ^ 2(M0M2)1/2. Show that in this in-
equality the number 2 cannot be replaced by a smaller one. (If/' is only supposed to
have a derivative on the right//, both sides of the inequality may become equal when
/' is piecewise linear; use then Problem 2(d) of Section 8.12.)
(d)	Let /be a real twice continuously differentiate function defined in R, and such
that Mo = sup |/(r)| and M2 = sup \f"(t)\ are finite. Show that mi = sup \f(t)\ is
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then finite and mi ^ (2M0 M2)1/2 (use (c)). In that inequality, the number V2 cannot
be replaced by a smaller one (same method as in (c)).
(e)	Show that if /is a real k times continuously differentiate function defined in R,
and if M0 = sup |/(/)| and Mk = sup |/<k)(0l are finite, then, for 1 ^ p^ k - 1 , the
t e R	r e R
numbers Mp = sup |/(p)(/)| are all finite, and one has
(First show that Mk_i is finite by using (b), then use induction on k ^ 2 and (d).)
3.   Let E, F be two Banach spaces, A an open ball in E (or the whole space E). Show that
in the space ^£P)(A), the norm
is equivalent (Section 5.6) to the norm \\f\\p defined in Problem 8 of Section 8.12 (use
the result of problem 2(c)).
4.   Let E be a Banach space, (cn) an arbitrary sequence of elements of E.
(a) Let /be an indefinitely differentiable mapping of R into [0, 1], equal to 1 in
[— i, iL and to 0 in the complement of [— 1 , 1] (Section 8.1 3, Problem 2). Consider the
series
Show that, for a suitable choice of the sequence of numbers tn > 0, that series converges
for every x e R, and for every integer m ^ 1, the series of mth derivatives
is uniformly convergent in R (one can take tn = J if ||cj| ^ 1, /„= l/2||cn|| if ||cb||> 1;
use Leibniz's formula to majorize the terms of the series). Deduce that u is indefinitely
differentiate in R and that, for every m**Q, one has Dmw(0) = cm ("E. Borel's
theorem ")•
 (b)	Prove in the same way that, given an arbitrary family (ca) of elements of E, where
a = (ai,..., ocp) ranges through all systems of/? integers a/ ^ 0, there exists an inde-
finitely differentiable mapping / of Rp into E such that Da/(0) = ca for every a,
 (c)	Deduce from (a) that if g is an indefinitely differentiable mapping of a closed

